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Abstract
Let K be a compact plane set having connected complement. Then Mergelian’s theorem states that the
linear span of the monomials zn , i.e. the polynomials, are dense in the Banach space A(K ) of all functions
continuous on K and holomorphic in the interior of K endowed with the sup-norm. We consider the question
under which conditions the linear span of zn , with n running through a sequence of nonnegative integers
having upper density one, is dense in A(K ) or appropriate subspaces.
c© 2009 Elsevier Inc. All rights reserved.
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1. Introduction
Throughout this article we will use the following notations and abbreviations.
Suppose that K is a compact subset of the complex plane C and let K 0 be the interior of K
(where K 0 = ∅ is explicitly admissible). By C(K ) we denote as usual the family of all continu-
ous functions on K , and the space of functions
A(K ) := { f ∈ C(K ) : f is holomorphic on K 0}
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is of importance for our investigations. Introducing the uniform norm, A(K ) becomes a Banach
space. The abbreviationM stands for the collection of all compact sets K ⊂ C which have con-
nected complement K c. Using these notations, the celebrated theorem of Mergelian [14] states
the following:
Suppose that K ∈M and f ∈ A(K ). Then for each ε > 0 there exists a polynomial p with
max
K
| f (z)− p(z)| < ε.
With respect to polynomial approximation this result is best possible as well to the topological
assumptions on K as to the analytic conditions of f . It brought to end an extended series
of investigations which started more than 120 years ago with Runge’s approximation theorem
(where instead of f ∈ A(K ) the stronger assumption of holomorphy of f on K is supposed).
It is a natural question to ask whether the approximating polynomials p in Mergelian’s
theorem can be chosen ”lacunary” which means that there exists a subsequence Λ of the
nonnegative integers N0 such that p has the form
p(z) =
N∑
n=0
pnz
n where pn = 0 for n 6∈ Λ.
For a more adequate formulation of our problem we consider for a compact set K the space
PΛ(K ) := span{zn : n ∈ Λ}
which characterizes the class of all functions in A(K ) that are uniformly approximable by
lacunary polynomials having powers with exponents from the set Λ ⊂ N0 only.
Using this terminology, Mergelian’s theorem states that
PN0(K ) = A(K ) if and only if K ∈M.
It is our aim to get information about PΛ(K ) for proper subsets Λ of N0.
The starting point is the classical Mu¨ntz theorem stating that
PΛ([0, 1]) = A([0, 1]) = C([0, 1])
if and only if 0 ∈ Λ and ∑1≤n∈Λ 1/n = ∞. Extensions of Mu¨ntz’s theorem where the unit
interval [0, 1] is replaced by appropriate arcs in the complex plane were given by Korevaar (see
e.g. [11]). An extension to segments emerging from the origin was recently proved by Gao and
Deng (see [6]).
Of course, the situation changes drastically if compact sets with 0 ∈ K 0 are considered. In
this case we are faced with the obvious restriction
PΛ(K ) ⊂ AΛ(K ) :=
{
f ∈ A(K ) : f (z) =
∑
n∈Λ
anz
n around 0
}
.
Dixon and Korevaar [4] proved that PΛ(K ) = AΛ(K ), for all Λ, if K = S, where S is a Jordan
domain with 0 ∈ S which is strongly starlike with respect to the origin (that is, each ray starting
at the origin intersects ∂S exactly once). In general, it turns out that the interplay between density
properties of Λ and geometric properties of K is essential.
We recall some standard definitions.
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Let be given a subsequence Λ ofN0. For an r > 0 we denote by nΛ(r) the number of elements
of Λ in the interval [0, r ]. The upper and lower density of Λ are defined by
d(Λ) = lim sup
r→∞
nΛ(r)
r
, d(Λ) = lim inf
r→∞
nΛ(r)
r
respectively. The sequenceΛ is called measurable if d(Λ) = d(Λ) and the common value d(Λ) =
limr→∞ nΛ(r)r is called the density of Λ.
In the case that Λ is measurable, several results on the structure of PΛ(K ) are known. We
denote by K0 the component of K which contains the origin (and define formally K0 := ∅ if
0 6∈ K ).
Again in [4], Dixon and Korevaar have shown that PΛ(K ) = AΛ(K ) if d(Λ) ∈ {0, 1} and if
K = S, where S is a Jordan domain with smooth boundary ∂S and 0 ∈ S. They also proved that
for all δ with 0 < δ < 1 there exists a sequence Λ with d(Λ) = δ and such that the conclusion
does no longer hold for all K = S as above.
For the case of compact sets K with 0 6∈ K 0, Arakelian and Martirosian [2] obtained the
following result:
Suppose that d(Λ) = 1 as well as 0 ∈ Λ, and that K ∈M satisfies K0 ⊂ {0}. Then PΛ(K )
= A(K ).
A refinement was given by Martirosian in [13] (see also [10]).
In a series of papers [7–9], the authors dealt with lacunary versions of Runge’s approximation
theorem, where special density hypotheses on Λ were assumed. The results were applied for
instance to the construction of universal functions or to the efficient analytic continuation of
function elements by summability methods.
2. Main results
Our central result is the following.
Theorem 1. Suppose that Λ ⊂ N0 is a sequence with d(Λ) = 1 and let be given a set K ∈M
with K0 6= ∅. If f ∈ A(K ), then f ∈ PΛ(K ) if and only if f|K0 ∈ PΛ(K0).
Proof. Let K ∈M and f ∈ A(K ) be given. Obviously, the condition f|K0 ∈ PΛ(K0) is neces-
sary to have f ∈ PΛ(K ). We prove the sufficiency:
According to the Hahn–Banach Theorem and the Riesz representation theorem, we have
f ∈ PΛ(K ) if and only if for all complex Borel measures µ with supp(µ) ⊂ K the condition
µn = 0 (n ∈ Λ), (1)
where
µn :=
∫
K
zndµ(z) (n ∈ N0),
implies∫
K
f (z)dµ(z) = 0.
Let a complex Borel measure µ with supp(µ) ⊂ K and µn = 0 for all n ∈ Λ be given. We
consider the Cauchy transform µˆ of µ, that is,
µˆ(ζ ) = 1
2pi i
∫
K
dµ(z)
ζ − z for ζ ∈ C∞ \ K
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and obtain for sufficiently large |ζ |:
2pi iµˆ(ζ ) =
∞∑
n=0
µn
ζ n+1
=
∞∑
n=0
n 6∈Λ
µn
ζ n+1
.
Since we have d(N0 \ Λ) = 0, Po´lya’s gap theorem (see [15]) implies that w 7→ µˆ(1/w) has
a simply connected maximal domain of existence in C (or µˆ = 0). Therefore a holomorphic
function φ on C∞ \ K0 exists with
µˆ(ζ ) = φ(ζ ) for all ζ ∈ C∞ \ K .
Let (γ j ) be a sequence of piecewise smooth Jordan curves in C \ K so that the interior domains
int(γ j ) of γ j decrease to K0. The existence of such a sequence (γ j ) follows from the existence of
a nested exhaustion ofC∞\K by domains G j bounded by finitely many piecewise smooth Jordan
curves. Then γ j may be taken to be the part of the boundary of G j containing K0 in its interior.
We set K j := K ∩ int(γ j ). Supposing the curves γ j to be positively oriented, Fubini’s and
Cauchy’s theorems show that, for n ∈ N0, j ∈ N, and R sufficiently large,
µn =
∫
K
1
2pi i
∫
|ζ |=R
ζ n
ζ − z dζdµ(z) =
∫
|ζ |=R
ζ nµ̂(ζ )dζ =
∫
|ζ |=R
ζ nφ(ζ )dζ
=
∫
γ j
ζ nφ(ζ )dζ =
∫
γ j
ζ nµ̂(ζ )dζ =
∫
K
1
2pi i
∫
γ j
ζ n
ζ − z dζdµ(z)
=
∫
K j
zndµ(z).
Since K j decreases to K0, Lebesgue’s dominated convergence theorem shows that∫
K
zndµ(z) =
∫
K0
zndµ(z) (n ∈ N0). (2)
If 1K0 denotes the indicator function of K0, then (1) and (2) imply that dµ0 := 1K0dµ is orthog-
onal to PΛ(K0) and therefore∫
f|K0dµ0 = 0.
According to Mergelian’s theorem, a sequence of polynomials (Pn) exists with Pn → f uni-
formly on K . Again using (2), we find that∣∣∣∣∫
K\K0
f dµ
∣∣∣∣ = ∣∣∣∣∫
K\K0
( f − Pn)dµ
∣∣∣∣ ≤ ∫
K\K0
| f − Pn|d|µ| → 0
and hence∫
K
f dµ =
∫
K0
f|K0dµ0 = 0.
This shows that f ∈ PΛ(K ). 
In particular, from Theorem 1 it follows that d(Λ) = 1 is a sufficient condition to have
PΛ(K ) = A(K ) for all K ∈M with 0 6∈ K . Conversely, we have
Theorem 2. If PΛ(K ) = A(K ) for all K ∈M with 0 6∈ K , then d(Λ) = 1.
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Proof. We assume that d(Λ) < 1. Then there exist a set E ∈ M with 0 6∈ E and a nonzero
function h which is holomorphic in C∞ \ E such that
h(w) =
∞∑
n=0
hn
wn+1
for |w| sufficiently large
with hn = 0 for n ∈ Λ (see [16], p. 68).
Let Γ be a rectifiable closed Jordan curve such that E belongs to the interior of Γ and the
origin to the exterior of Γ . Moreover, let K be the closure of the interior of Γ . Then K belongs
toM and 0 6∈ K . The function h is the Cauchy transform of the Borel measure µ (supported on
Γ and) defined by
dµ(z) = 1
2pi i
h(z)dz.
Moreover, we have∫
Γ
zndµ(z) = hn (n ∈ N0)
which means that µ vanishes on all powers zn for n ∈ Λ but not on all powers zn (since h 6=
0). 
Remark 1. Theorem 2 may also be proved as an application of a result on uniqueness sets for
entire functions of exponential type, due to Malliavin and Rubel [12].
3. Consequences and interpretations
Let Λ ⊂ N0 be a sequence with d(Λ) = 1. Theorem 1 shows that, in order to have PΛ(K )
= AΛ(K ) for a compact set K ∈ M, it is only necessary to study the component K0 of K . If
K0 = ∅ then we always have PΛ(K ) = A(K ). In the case that K0 6= ∅ we obtain in particular
the following result:
Corollary 1. Suppose that Λ ⊂ N0 is a sequence with d(Λ) = 1 and let be given a compact set
K ∈M such that K0 = S, where S is a Jordan domain which is strongly starlike with respect to
the origin. Then we have PΛ(K ) = AΛ(K ).
The proof follows immediately by combining Theorem 1 with the above mentioned result of
Dixon and Korevaar [4].
In comparison with results of Mu¨ntz type the following consequence of Theorem 1 is also of
interest.
Corollary 2. Suppose that Λ ⊂ N0 is a sequence with 0 ∈ Λ and d(Λ) = 1 and let K ∈ M
be so that, for some p ∈ N0, the component K0 is contained in the union of the line segments
{re2pi i j/p : r ≥ 0}, j = 0, . . . , p − 1. Then PΛ(K ) = A(K ).
Proof. If K0 = ∅ then we have PΛ(K ) = A(K ), so that we may assume that K0 6= ∅.
We set Λ j := {n ∈ Λ \ {0} : n = j (mod p)}. The condition d(Λ) = 1 implies that∑
n∈Λ j
1/n = ∞
for all j = 0, . . . , p − 1.
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Let f ∈ A(K ) be given. According to Theorem 1 it suffices to show that f0 := f|K0 belongs
to PΛ(K0). Since, for R large enough,
K0 ⊂ L :=
p−1⋃
j=0
{re2pi i j/p : 0 ≤ r ≤ R},
Tietze’s extension theorem shows that f0 may be extended to a function g continuous on L . The
result of Gao and Deng found in [6] implies that g ∈ PΛ(L) and thus f0 ∈ PΛ(K0). 
We want to study more detailed the case that 0 is a boundary point of K0 (or K ). Setting
mΛ(r) :=
∑
n∈Λ,1≤n≤r
1/n (r ≥ 1),
an application of a uniqueness result of Fuchs [5] for functions being holomorphic and of
exponential type in a halfplane yields the following extension of Mu¨ntz’s Theorem due to
Anderson [1].
Theorem A. Suppose that Λ ⊂ N0 is a subsequence with 0 ∈ Λ and let an α with 0 ≤ α < 1 be
given. Then we have PΛ(K ) = A(K ) for all K lying in some closed angle of opening 2piα with
vertex at the origin if and only if
lim sup
r→∞
{mΛ(r)− α log r} = ∞. (3)
Remark 2. Integration by parts shows that
mΛ(r) =
∫ r
0
1
s
dnΛ(s) = nΛ(r)r +
∫ r
1
nΛ(s)
s2
ds
and thus (3) is satisfied if and only if
lim sup
r→∞
(∫ r
1
nΛ(s)
s2
ds − α log(r)
)
= ∞. (4)
For α ∈ [0, 1) this shows that d(Λ) > α is sufficient for (3) to be satisfied. Thus, Theorem A
implies in particular that PΛ(K ) = A(K ) for all K lying in some closed angle of opening 2piα
with vertex at 0 if d(Λ) > α. This extends a corresponding special case of a result of Martirosian
([13], Theorem 3), where d(Λ) > α is required instead of d(Λ) > α. The sector in Martirosian’s
result may, however, be curvilinear. We remark further that in [13] an example of a set Λ with
d(Λ) = 1 and a compact set K with 0 ∈ ∂K such that PΛ(K ) 6= A(K ) is given.
Remark 3. We want to formulate another sufficient condition for (3). To this aim we introduce
the following notation:
A set Λ of nonnegative integers is said to have blocks of order α (where 0 ≤ α < 1), if
sequences of integers (p j ) and (q j ) exist such that
(i) p1 < q1 ≤ p2 < q2 ≤ . . .,
(ii)
⋃
j∈N{p j + 1, . . . , q j } ⊂ Λ,
(iii) q1−αj /p j →∞ as j →∞.
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Note that there are sets Λ with vanishing lower density and having blocks of order α for all
α < 1.
The case α = 0 has been considered in [3]. Using our notations, it was shown there that
d(Λ) = 1 if and only if there exists a set ∆ ⊂ N with d(∆) = 0 and such that Λ ∪∆ has blocks
of order 0.
In addition, we say that Λ essentially has blocks of order α if a set ∆ exists with∑
1≤n∈∆ 1/n <∞ and such that Λ ∪∆ has blocks of order α.
Concerning (3) we have
Lemma 1. If Λ essentially has blocks of order α, then (3) is satisfied.
Proof. Since (3) is not effected by adding a sequence ∆ with
∑
1≤n∈∆ 1/n < ∞, we may
suppose that Λ has blocks of order α. For j ∈ N and p j ≤ s ≤ q j we have nΛ(s) ≥ s − p j and
it follows∫ q j
1
nΛ(s)
s2
ds − α log(q j ) ≥
∫ q j
p j
ds
s
− p j
∫ q j
p j
ds
s2
− α log(q j )
≥ log q
1−α
j
p j
− 1→∞ ( j →∞).
This shows that (4) and hence (3) are satisfied. 
Remark 4. If ∆ is a subset of N0 with zero density, then m∆(r) = o(log(r)) as r → ∞.
Lemma 1 shows that (3) holds if Λ is such that Λ ∪∆ (essentially) has blocks of order > α for
some set ∆ with zero density. A combination of Theorem A and Lemma 1 implies in particular
that PΛ(K ) = A(K ) holds for all K lying in some closed angle of opening < 2pi with vertex at
0, if Λ ∪ ∆ has blocks of arbitrary order for some set ∆ with zero density. Note that such sets
may have vanishing lower density.
On the other hand, there are sets Λ with d(Λ) = 1 and such that (3) holds only for α = 0.
Example 1. Let
Λ =
⋃
j∈N
{p j + 1, . . . , q j }
where 1 ≤ p1 < q1 < p2 . . .. Then we have nΛ(s) ≤ q j for q j ≤ s ≤ p j+1, which implies for
pn ≤ r ≤ pn+1∫ r
1
nΛ(s)
s2
ds ≤
∫ pn+1
1
nΛ(s)
s2
ds ≤
n∑
j=1
(∫ q j
p j
ds
s
+ q j
∫ p j+1
q j
ds
s2
)
≤ n +
n∑
j=1
log
(
q j
p j
)
and thus∫ r
1
nΛ(s)
s2
ds − α log(r) ≤ n − α log(pn)+
n∑
j=1
log
(
q j
p j
)
.
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Now, if we take p1 = 1, q1 = 2 and pn = 3n2 , qn = n · pn = n · 3n2 for n ≥ 2, then the right
hand side is less than n(1 + log(n)) − αn2, which tends to −∞ for all positive α. Since Λ has
blocks of order 0, the upper density is 1.
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